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Abstract. We prove equidistribution of certain multidimensional unipo- 
tent flows in the moduli space of genus g principally polarized abelian 
varieties (ppav). This is done by studying asymptotics of Tg ~ Sp{2g, Z)- 
automorphic forms averaged along unipotent flows, toward the codimension- 
one component of the boundary of the ppav moduli space. We prove a 
link between the error estimate and the Riemann hypothesis. Further, we 
prove Tg— r modularity of the function obtained by iterating the unipotent 
average process r times. This shows uniformization of modular integrals 
of automorphic functions via unipotent flows. 



Let Hg := {t € Mat{gX)\T = t\ 3(r) > 0}, the genus g Siegel half 
space, i.e. the set of symmetric complex g y~ g matrices r, with positive definite 
imaginary part We indicate with Tg Sp{2g,'L) the discrete group of 

symplectic transformations, with action on r given by 



The coset space Tg\hLg is the moduli space of genus g principally polarized 
abelian varieties (ppav) Ag^ and for genera g = 1,2, 3, Ag is isomorphic to the 
moduli space of compact Riemann surfaces M.g. 

Tig is a homogenous space, since it is isomorphic to the Lie coset 'Hg ~ 
Sp{2g,R)/ {Sp{2g,R) n SO{2g,R)), the set of real symplectic matrices over 
the orthosymplectic ones. 

By Iwasawa decomposition of a symplectic matrix in Sp{2g, R), one can find 
an interesting set of coordinates for the Lie coset Ag . Every symplectic matrix 
can be written as UAK, with K G Sp{2g,R) D SO{2g,R), A = diagiV g,V-^), 
diagonal 2g x 2g matrix, {Vg := diag(y^, . . . , \/Vg), > 0, i = 1, . . . , g), and 
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^ - ' c/-* 



g 



is a 2(7 X 2g real unipotent matrix, with Ug upper unitriangular g x g real 
matrix, and Wg symmetric g x g real matrix. 

This leads to the following Iwasawa parametrization of the Siegel Half space 



(0.1) Tg=Wg+lUgVlU-'. 

In this paper we exploit Iwasawa parametrization, in conjunction with the 
Rankin-Selberg method, for investigating properties of a certain class of unipo- 
tent averages of automophic forms on TgyHg. From the behavior of those av- 
erages in the asymptotics limit toward the codimension one component of the 
Tg\Hg boundary, we prove ergodicity of (multidimensional) unipotent flows. 
It turns out that the error estimate depends on Q :— Sup{3fJ(p)|C*(p) — 0}, the 
superior of the real part of the non trivial zeros of the Riemann zeta function. 
Therefore, evaluation of the error estimate would prove or disprove the Rie- 
mann hypothesis. Our result generalizes a well known theorem by Zagier on 
the long horocycle average of a SL{2, Z) automorphic functions of rapid decay 
[Zal],[Za2]. 

In order to announce the two main results of this paper, we need to introduce 
further notations. Given Tg € "Hg, we use a (g — r)-corank block decomposition 

Tg = ( ^4 ) ' '^it'^ '^r ^Hr, Tg-r G Hg-r- 

^2 '''g-rj 

In the r = 1 case, the Iwasawa coordinatization (|0.ip gives 



(0.2) 



n T2 \ _ f wii + i{vi + uVl_iu) w + iuyl_^Ul_i 



where w : (wi2, . ■ . wig) is in the first row of the symmetric real matrix Wg, 
u := {ui2, ■ ■ - Uig) is in the first row of the unitriangular real matrix Ug. We 
also use the following notation iv := w^, u := u* to denote column vectors. 

The first main result of this paper concerns modularity under the subgroup 
of transformations J^g-i of the average of an automorphic function /(r) along 
the (2(7— 1) unipotent directions {wii,w,u): 
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Theorem 1. Given a Tg -invariant automorphic function f = /(t), let us 
consider the unipotent average 

< f > vi{Tg-i) := / dwiidwduf{Tg), 

JR29-1 

where Tg is given in Iwasawa coordinates according to the corank {g — I) de- 
composition given in i0.2\) . 

The integral function < / > vi{Tg-i) on R>o X Hg-i is invariant under the 
genus {g — 1) modular group Fg-i; 

<f>vdiarg-i+b){cTg-i+d)-^)^<f>^,{Tg_i), 

The "Hg boundary is given by 5 — 1 components Fg_j., ^ = 1,---,5^1- For 
the quotient space Tg\Hg the (g — r)-corank boundary component is given by 

where ioor := diag(ioo, . . . ioo) represents r copies of the Ti\ 'Hi cusp. The- 
orem [T] shows that the unipotent average < / > t,j(rg^i) is a Tg-i invariant 
modular function, defined on ]R>o x "Hg-i. This function can be thought to be 
related to the {g — l)-corank component Fg_i of the boundary of Hg. The dis- 
tance from this boundary component is controlled by vi > 0, and one recovers 
the average along the Fg_i component of the boundary in the f 1 — ^ limit. 

The second main result of this paper is given by theorem [2] below. Theorem 
[2]shows that in the limit vi — 0, the < / > ^j(Tg_i) averaged on the modular 
domain rg_i\?^g_i converges to the / average on the modular domain T g\Kg. 
The error term is related to the non trivial zeros of the Riemann zeta function 
^(s), and an estimate of this quantity provides a proof (or a disproof) of the 
Riemann hypothesis: 
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Theorem 2. Let f = /(t) a T g-invariant function of rapid decay for t going 
to all the components fg-r, t = 1^ . . . ^ g — 1 of the Hg boundary. Let f{T) be 
differentiable up to second order, with Laplacian A/ of rapid decay, then the 
following asymptotic holds true: 

l^Jl^.-^<f>i^urg.,)-^^^l/^.fir^^^^^ .,^0. 

Here Dg ^ TgyHg is a Tg fundamental domain, with volume given by the 
formula Vol{Vg) 2 HLi C*(2fc); and 9 swp{^{p)\C {p) = 0} is the supe- 
rior of the real part of the non trivial zeros p 's of the Riemann zeta function 

Theoreni[2]provides a quite interesting connection between asymptotic unipo- 
tent dynamics in the ppav moduli space Tg\Hg and the Riemann hypothesis. 

Indeed, in the genus g case, the error estimate is 0{vf ^''^) if and only if the 
Riemann hypothesis is true (Q = 1/2). Theorem [2] generalizes Zagier genus 
g = 1 result [Zal],[Za2], for modular functions of rapid decay at the cusp. 

Moreover, there is an interesting corollary of theorem [U which follows by 
iterating the operation of averaging along unipotent directions. Let us use the 
following notation u;'^'") :— {wr,r+i, ■ ■ ■ Wr,g), and u*^''-' :— (ur^r+i, ■ ■ ■ Ur.g), where 
:= (Wg)y, u^j := (E/g)y 

Corollary 1. Let f = f{Tg) a T g-invariant automorphic function. For r ~ 
1, ... ,5 — 1, the following unipotent average 

< f > vu-^vAT-g-r) / f[dw.udw^'Uu^''> f{Tg), 

"'K>0 '' i=l 

is a T g^r-invariant function on R!^q x "Hg-r ' 

< f > vi,...,Vr{{aTg-r + b){cTg_r-i-dy'^) =< f > y^^,,,^yATg_r), ^^g-r- 

Results of this paper given in theorems [T] and [5] suggest interesting connec- 
tions with powerful results on measure rigidity and equidistribution of unipo- 
tent flows, provided by Ratner theory [Ka^ . and by more recent developments, 
(see for example |ELPV) . pMV] . [EW] l. 

We also would like to mention an interesting connection between unipotent 
dynamics in homogeneous spaces and string theory, |CC) ■ |Cl] . |C2] . |ACER) . 
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In fact, results in this paper have apphcations for shedding hght in uhravio- 
let/infrared duahties descending from finiteness of closed string perturbative 
amplitudes jCC| . For genus one, (one-loop), closed string amplitudes, equidis- 
tribution theorems for long horocycles in the modular surface SL{2, Z)\SL{2, R) 
connects |C1] vacuum stability with asymptotic supersymmetry |KSj . More- 
over, graded spectra of closed string excitations exhibit oscillating patterns 
with frequencies given by the imaginary parts of the non trivial zeros of the 
Riemann zeta function |ACERj . In one- loop stable closed string vacua, as- 
ymptotic supersymmetry is maximal if and only if the Riemann hypothesis is 
true [ACER] . As suggested in |CC| . equidistribution theorems for unipotent 
averages in the ppav moduli space when applied to higher genus closed string 
amplitudes produce generalizations of the one- loop result [KS . 

The connection between homogenous space dynamics and string theory 
works also in the opposite direction, namely from string theory to the the- 
ory of automorphic forms. By using consistency conditions from string the- 
ory, it provides information on certain asymptotic averages of automorphic 
forms. The advantages of translating the dynamical problems in string the- 
ory terms has been shown in the specific case of the horocycle flow in 'C2]. 
There certain asymptotics for long horocycles averages of modular invariant 
functions with not so mild growing conditions have been considered. It is 
also worth to mention that results in [CCj and those in this paper indicate 
an intriguing relation between ultraviolet properties of closed strings on sta- 
ble backgrounds and the Riemann hypothesis. These relations thus extend 
beyond one loop order, where they were shown to exist in [ACER' . More- 
over, results of this paper may also be useful for studying and probing non 
perturbative conjectures related to modularity of the effective string action 
[E], |GMRV) . [GfeA) . [GlW] . py) .[Pi]. [OP] The y may find also applications 
for genus g = 2 superstring amplitudes jPHP] . and for testing recent pro- 
posals for genus g > 3 closed string amplitudes |CDPvGj . |DPvGj . [DPGCj 
p7] . |GSM2) . [GSM] . [GKV] . [MV]. pV3] . [MV2] . [Mq]. 

The organization of the rest of the paper is the following: in section JJT] we 
present some technical facts related to Iwasawa coordinatization of Tig , instru- 
mental for our proofs. Section ^ contains the proofs of theorems [T] and [2] on 
ergodicity of unipotent flows and error estimates, and some lemmas, instru- 
mental for those proofs. 
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1. Iwasawa parametrization for fig and Eisenstein series 

1.1. Iwasawa parametrization for tig. The genus g Siegel upper space 
Tig is the set of complex g x g symmetric matrices with positive definite 
imaginary part "Hg = {r e Mat{g,C)\T = T*,3(r) > 0}. Hg is isomor- 



phic to the Lie coset Hg ~ Sp{2g,M.)/ {Sp{2g,R) n SO{2g,R)). For a given 
m e Sp{2g, R)/ {Sp{2g, R) n S0{2g, R)) 



The Iwasawa decomposition allows to write a symplcctic matrix in Sp{2g, R) 
as UVK, K G SO{2g,R) (1 Sp{2g,R), V positive definite diagonal matrix and 
U unipotent matrix. It is convenient the following gx g blocks parametrization 





T(m) = {ail + b){cil + d) 



-1 



(1.2) 




for the abelian part with Vi > 0, i = 1, . . . 



,9 




for the unipotent part, with Wg symmetric real g x g matrix 



W21 W22 



Wlg\ 
W2g 



(1.3) 



\Wlg W2g . . 

and Ug upper unitriangular real g x g matrix 



■^99/ 



/I U12 
1 



Ulg\ 
U2g 



(1.4) 



\0 



1 / 
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With the above parametrization, eq. gives the foUowing Iwasawa 

parametrization for T-Lg 

(1.5) Tg{m)=Wg + iUgVlU\. 



1.2. Hg measure in Iwasawa coordinates. The Fg-invariant measure dfjLg 
inHg is given by 

1 ^ 

where r^j = 3fi(T)ij + iS(T)ij. 

The following two lemmas give d/Xg in Iwasawa coordinates 

Lemma 1 . The foUowing holds true 

9 

det{^{Tg{m))) = JJi'j, 
1=1 

Proof. It follows directly from (|1.5p . □ 



Lemma 2. T/ie Jacobian determinant of Tg{m) map given in U.5\) is 

(1-6) Ja = f["9-l''- 

Proof. Let us take the following block parametrization 



U 



9 



Ug-l U 

1/ ' 



where upper line denotes column vectors and lower line row vectors. Ug-i is a 
(g — l)-dimensional upper unitriangular real matrix, u is a (g — l)-dimensional 
column vector, u = u*. Thus, one has 



and therefore 



\ V V Q I' J V w 1 

C^g-lV"2_iC/*_l UVg 
UVg Vg 

'^[Tg^l) +UUVg UV 

UVa Va 



dQ{Tg) = v^~^dvg A du A d9(rg_i). 
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From which it follows that 

and by iteration one recovers (11.61) . □ 



Proposition 1. The tig measure d/Xg in Iwasawa coordinates is given by 

a a a 

djJLg = dvivl"""'^ Y\_ d'Wij Y[ '^"u ■ 

i—l i>j i>j 



Proof. 



J 9 a a 

\ \ 9" i=i i<j 

jja y9~i-i 9 a 

lli=l ^g-i i<j i<j 

a a a 

2—1 i<j i<j 



□ 



1.3. Eisenstein series. Let us introduce the following blocks decomposition 
Tg e Hg 

_ f Til Tl2\ 

where tu e fir, T22 G tig r- 

The — r) corank Eisenstein series, associated to the Fg_,. component of 
the boundary of "Hg, is defined by 

where Pg.,- C 5*^(25, R) is the parabolic subgroup which stabilizes the Fg_r. 

For our purposes it is useful the knowledge of the analytic properties of the 
r = 1 Eisenstein series, given by the following proposition [Ya]: 

Proposition 2. The r — 1 Eisenstein series Eg i(t, s) of the family given in 
(1.8) Eg,i{T,s)^ J2 

TgnPg.lVrg 
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can be analytically continued to the full s plane to a meromorphic function with 
a simple pole in s = g with residue (2g) ' ^^'^ poles in s — ^, where p's are 
the non trivial zeros of the Riemann zeta function, C*{p) = ■'''~''^^r'(|)^(p) = 0. 



1.4. Hg-i ^ Hg embedding. 

Lemma 3. ( "Hg i ^ "Hg embedding). Given Tg G Tig and Tg-i G ^g-it the 
following decomposition holds 



Proof. 



1 u \ fvi \ fl 



Ug^,Vl_,u Ug^,V^_,U\_, 



□ 



From the previous result one has also the following blocks decomposition for 
Tg in terms of Hi and ?/g-i subspaces: 



Proposition 3. 



wii+i{vi+ uy"l_-iU) w + iuVl_iUl 

iO + iU g-lVl_lU Tg-l. 



1.5. Tg-l ^ Pg,i c Tg pHrabolic embedding. A matrix in Pg^\ fl Fg c 
Sp{2g, Z) has the following form 



/I 


TO 


q 







a 


n* 


b 








1 





Vo 


c 


— TO* 


d) 



a b 
c d 



€ Tg_i, m,ne Mat{l x {g-l),Z), q G Z. 



It is useful the following decomposition for the elements in Pg^i (iTg (see for 
example [HKW]): 
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Proposition 4. Every matrix in Pg^i D Tg can be decomposed as follows: 



(1.9) 



with 



(1.10) 



91 = 



n 


m 




q 







a 




n* 


b 










1 





Vo 


c 




-m* 




/I 















a 





b 










1 







Vo 


c 










91 ■92- 93, 



a b 
c d 



a-1, 



(1.11) 



and 



(1.12) 



52 



/I 


TO 





n\ 





1 


n* 











1 





\o 


- 


-m* 


V 






/I 












1 




53 = 












Vo 






TO,n e Maf(l X (5 - 1),Z), 



9 e 



Proposition 5. The action of gi,g2,g3 on t € Hg 



^^j Tieni,T3eng-i,T2eMat{lx{g-l),C), 

is given by: 

„ (^\^ f'^^- ^2(ct3 + d)-icr| * \ 

' ' \ (era + d)- V* (ara + 6)(ct3 + d)"V ' 

52(^) = + Ji!^^ + „t - n = n + TOT3TO* + TO*T2 + (wVa)* + TITO*, 

»<^>K'lr ;) 

where the entries * are given by symmetry of t. 



2. Proofs of theorem 1 and theorem 2 



2.1. Unfolding of the modular integral. Given a function / — /(r) on 'H.g 
invariant under the modular group V g ^ Sp(2g^ Z), let us consider the following 
Rankin-Selberg type modular integral 



(2.1) IgAs)^ I dtlgfiT)Eg,,iTg,s), 

where Eg^i{Tg, s) is the non-holomorphic g — 1-corank Eisenstein series, in- 
troduced in ll.Si section m.'Sl 

(2.2) Eg,,{Tg,s)^ 

r,nPg.i\rg 

related to the {g — 1) corank component of the boundary of the modular 
domain TgXHg. 

Under suitable growing conditions for / at the boundary, that are stated as 
sufhcient conditions in theorem [51 it is possible in (|2.1I) to exchange integration 
on the modular domain with the sum over the modular transformations 7's 
appearing in the Eisenstein series (|2.2I) . This operation allows to unfold the 
original integration domain rg\?^g into the larger domain {Pg^ir]Tg)\'Hg. As we 
shall see, this latter integration domain has simplified features which becomes 
transparent in Iwasawa coordinates. 

Whenever it is allowed to exchange the sum with the integral, for Ig,i(s) 
one finds 

(2.3) 

Ig,i{s)=[ dvivl'^''^ I dfig^i ( dwiidwduf i^'^lX^'^jj^'^^ 

Jo J(Pg,inTg)\ng J \ W^lUg-lVg_ 

where integration along w_ and u takes into account identifications by the par- 
abolic subgroup Pg,i given in proposition [5l 

Let us notice that /g^i(s) involves a Mellin integral transform in the abelian 
Iwasawa coordinate Vi S ]R>o. If certain conditions for the existence of the 
inverse Mellin transform are fulfilled, then, (by using proposition 15]) , one gets 
the following asymptotic 
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lim / dfig-i / dwduf 

-'i^°"'(Pg,inr,)\Wj, J 



( 



wn +i{vi +yyl_i' 
iB + iUg-iVl_iU 



Tg-l 




(2.4) 



Last line of follows from the formula Vol(J)g) = 2 HLi C*(2fc) for the 
volume of a fundamental region "Dg ~ Tg\Hg of the modular group Tg in 'Hg. 

2.2. Proof of Theorem 1. The above discussion and eq. ^2A\i are suggestive 
of the existence of a "Kg — > tig-i reduction for modular integral of automor- 
phic functions through the operation of averaging along unipotent directions 
wiiTyi,u defined in 10.21 The above argument is turned into a rigorous proof 
by the following: 

Theorem 1. Given a Tg -invariant automorphic function f — /(r), let us 
consider the unipotent average 



where Tg is given in Iwasawa coordinates according to the corank (g — I) de- 
composition given by W.2\) and in proposition O 

The integral function < f > vi{Tg^i) on M>o x "Hg i is invariant under the 
genus {g — 1) modular group Fg-i; 



Proof. The action of rg„i on < / > y^{Tg-i) is provided by the embedding of 
Tg-i ^ Tg defined by gi as in Proposition [5j As / is Tg invariant, the proof 
will follow from the fact that the measure dwiidw_du is Fg-i-invariant, and 
that the action of Fg-i over the Siegel space lives vi invariant. This permits to 
reabsorb the transformation in a change of variables which leaves the expres- 
sion of < / > „j {Tg-i) invariant in form. 





< / > „,((arg_i +5)(crg_i +d) ^) =< / > (Tg_i), 
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Let us first consider tlie action of gi, given by (jl.lOl) . on tlie coset space tig. 
Using tlie Iwasawa construction, ttie generic point of tlie coset has the form 



gK"^ g' g 

\ iUgVg^-' 



(2.5) 

V ^3 g' g) / 

so that, in particular, its first column is (v^ii Oj • ■ • ; 0)* 







By acting on x from the left with gi , one finds the following structure 
(2.6) 



9ix 



/I Q o\ ..\ 

a 5 

10 

\0 c d/ \ ...) 



r(2) * 



V r(29)/ 



a b 
c d 



er„_i. 



In particular, the {2g—l) vectors r^^^ , j = 2, . . . ,2g are linearly independent, 
since det(gia;) 7^ 0. The symplectic matrix gix G Sp{2g,M.) in (|2.6p is no more 
in the quotient Sp{2g,R)/{Sp{2g,R) n S0{2g,R)), since it does not have the 
blocks structure ()2.5p . 

However, by multiplying gix from the right by an orthosymplectic matrix 
K e Sp{2g,R)nSOi2g,R), 

K=(^^^ A'B = B'A, A'A + B'B = I, 

one can determine the gix coset representative 



(2) 



gixK = 



An 
a 







(A2 



.A 



9I' 



'^11 



V r(29)/ 



In particular, equality for the elements in the first columns of the previous 
equation gives 
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A 












r(2)a 









V 


ri2g)a ) 




[ 


; 



and, since the {2g — 1) vectors rjj\ j — 2, . . . ,2g are linearly independent, one 
finds a = 0. This implies that 

Aji ^ Sjl^/i^Jv^, = 0, j = l,...,g, 

and by using (A* A + = 1 one then gets iii — vi. 



The new defined coordinates are then such that, in the notation of Proposi- 
tion [SJ 

wii +i{vi +uV'l_iu) w + i2iy'i_iUi_i\ \ _ ( wn + i{vi + uVl_iu) w + iuVl_iUi_i 



(2.7) 



Notice that V'g-i and U g-i are defined by fg_i, that does not depends on 
u and u, so that the transformation of coordinates {wn.u.v) is 

defined by the components gi{x)ij, j = 1, . . . , g of relation (|2.7p . This gives 
the linear transformation 



wii +i(wi = wii +i{vi +i^l_^u) - (w + ii^l_^Ul_^)(cTg^i + d) ^c{w + iU g-iVl_iu), 

(M + mVl-iUl-i) = (w + tuVl_,Ul_,){crg^,+d)-\ 
(2.8) 

By differentiating and by taking the determinant one thus gets 

dwnd-ii'''-^di.s-^ det(F2 i) = dwndivS-^duS-^ det{Vl_^)/\ det(cTg_i + d)\^, 

where we have used that detf/g_i = 1. Now, 

detiVl_,) = det{Ug.^Vl^,Ul_,) = det3(fg_i). 



From 
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= (t]_iC* + d*)-i[(T]_iC* + d*)(aT5_i +b)- (r]_ia* + fe*)(cr<,_i + d)](cr<,_i + d)"! 
= 2z(rj_ic* + d*)-i3(r3_i)(cr3_i + 

where we have used a*d — c*6 = I, a*c = c*a and 6*d = (i*6, one gets 



(2.9) det(F^_i) = det{Vl_,)/\ det(cr,_i + 

which shows the invariance of the measure. The fact that vi and Tg„i do not 
depend on wii,iv,u, imphes that the range of coordinates remains unchanged. 



In conclusion, we have 
since / is Tg invariant, this imphes < / > vi{'rg-i) =< f > viiTg-i). □ 



2.3. Proof of Theorem 2. We now give the proof of theorem[21 We start by 
recaUing a standard property concerning MeUin integral transforms, (Proposi- 
tion [5]). In order to prove Theorem [5] we shall also need Proposition [71 whose 
proof is postponed to ij2.4l 



Proposition 6. Let tp — >f{s) be the following meromorphic function on the s 
plane 

' C- 
then the following identity holds 



— / dsy-V(s) - V(-r^y-^'log"'2/, a > Maxims,)}. 

Proof. It is easily obtained by using residues theorem, and by closing the inte- 
gration contour such that it contains the points s = Si,i — 1, . . . ,1. □ 
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Theorem 2. Let f = /(t) a T g-invariant Junction of rapid decay for t going 
to all the components Fg-riT = 1; • ■ • iff ~ 1 of the Hg boundary. Let f{T) be 
differentiable up to second order, with Laplacian Af of rapid decay, then the 
following asymptotic holds true: 

(2.10) 

^ rf/xg-i < / > vAr,-i) - 2^^^^)^ ^ di,g f{r) + OK"^), «i ^ 0, 

where Dg ^ Tg\Hg is a Tg fundamental domain, with volume Vol{'Dg) = 
2nfc=iC*(2^)- Integration along unipotent coordinates Wii,W_,U takes into ac- 
count the identifications by the parabolic subgroup Pg.i, given in proposition\5l 
and O :— sup{3fi(p)|^*(p) = 0}, is the superior of the real part of the non trivial 
zeros p 's of the Riemann zeta function. 

Proof. Let us consider the modular integral 

/,,1(S)= / dtlgf{T)Eg,,{T). 

The Eisenstein series Eg^i{T,s) defined in (jl.Sp is of polynomial growth for 
T going to each component of the "Hg boundary. For 5R(s) > g one can use 
the series representation for the Eisenstein series, and, by Lebesgue dominated 
convergence one can exchange the series with the modular integral 

'''''' - Ln.^'''\^J^^,.SXi^)) 

Jr^nP^.An/'^'^^ \detmr,,))) ' 

In the last line modular transformations 7's in the coset {Tg n Pg^i)\rg are 
used to unfold the integration domain. 

Since /(r) is of rapid decay for r going at the tig boundary, the modular 
integral is uniformly convergent with respect to the variable s, and thus /g^i(s) 
inherits analytic properties of the Eisenstein series Eg^i{s,T). Then, due to 
proposition [21 /g,i(s) can be analytically continued to the full s plane to a 
meromorphic function with a simple pole in s = 17, and poles in s = p/2, where 
p's are the non trivial zeros of the Riemann zeta function, C*{p) = 0. Thus one 
can write the following expansion 
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(2.11) ^+ y: 

for multiple Riemann zeros p's, one has to rise the denominator in the above 
formula by the appropriate power. 

In (|2.11|) . Cg is given by 
since £^g^i(r, s) has a simple pole in s = g with residue 1/2^* (2g). 



Then, by using Iwasawa coordinates one can write /g_i(s) in the following 
convenient form 



(2.12) 



IgAs)= dviv^ ' / dug^i dwiidwduf [ } ii t \ 

Jo Jr,^,\n, J V w + iUg-iVg_iU Tg_i 



where the decomposition in terms of a modular integral over Tg^iyHg follows 
from theorem [TJ 

Equation (|2.12l) states that Ig^i{s) is the Mellin transform of the following 
integral function 

(2.13) 

vl'-Fg.,M := / rfM.-i / dwndwduf ^-11 +^("1 +mV^-i^) w + ^uVl,,UU 



L g-1 \ttg 



If the following integral defining the Ig i (s) inverse Mellin transform 
(2.14) 

1 pa+ioa 7/""' 

M-'[IgAs)Ky)^Tr- dsy-^Ig^,{s)^^— dty-^'Ig^,{a + tt), 

is convergent, then through proposition |6l one obtains the wi — >■ asymptotic 
for the function Fg^i{vi). 

Since /(r) is twice differentiable, we use A£^g^i(r, s) = 2 s{g—s)Eg^i{T, s), 
(a proof of this result is given in proposition [T]) ■ 

By integration by parts one then finds 

a-i 

(2.15) 7g,i(s) = -^-^ ^ diXgEg^^{T, s)A/(t). 
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This shows that Ig,i{a + it) falls off as 0{t ^) for t -> ±00, for all cr's where 
the following integral 

is convergent. Under our assumption that A/(t) is of rapid decay for r going 
to the boundary, the above integral is convergent, since £^g.i(r, s) is of poly- 
nomial growth for t going to each component of the 'Hg boundary. It follows 
that the integral (|2.14p is convergent, and thus Ai^^[Ig i{s)]{vi) exists, and 
M-'[Ig.i{s)]M^FM. 

By analytic properties of Jg.i(s) given in eq. (j2.1ip . except for a simple pole 
in s = g, Ig,i{s) is analytic on 9fi(s) > ^, where 8 — Sup{^{p)\^* {p) = 0}. 
Then, asymptotic eq. (j2.10l) including dependence of the error estimate on Q, 
follows from (|2.12p and by using proposition [51 Finally, the ratio appearing 
in eq. (|2.10l) between volumes of modular domains follows from the formula 

voi{Vg)^2ui=^cm- 

a 



2.4. Hg Laplacian and the rank (5 — 1) Eisenstein series. Let G/j be the 

tig Sp{2g, M)-invariant metric, with infinitesimal line element ds^ — GjjdXjdXj, 
where Xj is a system of g{g + 1) real coordinates for Hg. We indicate with 
G^"' the inverse metric of G/j, G^^ Gkj = Sj. We also use the notation 
G :— det G/j, for the determinant of the metric. Let us consider the Tig Lapla- 
cian operator A :— .^=di^/\G\G^"'dj. In this section we prove that the 

v|G| ■ 

(g — 1) corank Eisenstein series Eg^i[T, s) defined in i jl.3l is an eighenfunction 
of the Hg Laplacian A, 

(2.16) A£;g,i(r, s) = 21^ s{g ~ s)Eg,i{T, s). 

In order to prove this result, we first need the following lemma: 

3-1 

Lemma 4. In Iwasawa coordinates: G^''^' — 2s+iv~. 

Proof. Let us consider the Iwasawa decomposition UVK of Sp(2g,M.). The 
elements of the quotient Hg are represented by the points h = UV. In [CCDOS] 
it has been shown that the invariant metric can then be obtained as 



(2.17) ds^ = kTy{J<S)J), J = n{{UV)-'^d{UV)) 
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where 11 projects orthogonally to the space tangent to K, and k is a normal- 
ization constant. As K is the intersection with the orthogonal group SO{2gM.), 
n takes the symmetric part, so that 



J = V-^dV + -{V-^U-^dUV + VdU'U-*V-^). 

In order to compute the trace in (I2.17|) note that the parenthesis is the 
sum of nilpotcnt matrices (as U unipotent implies U~^dU nilpotent), whereas 
V^^dV is diagonal, so that mixed products have vanishing trace and we remain 
with the terms 



(2.18) rfs' = ? E + ^Tr{V-^U-^dUV^dU'U-'). 

■t— 1 '■ 

Notice that there are no off-diagonal terms of the form dV dU, so that 
from (|2.18p we get 



K 

To compute k we can compute the determinant of the metric ()2.18p and 
compare the result with Proposition [1] We know that the determinant does 
not depend on the coordinates Uij and Wij in U so that we can compute it for 
Uij = and Wij = 0. This gives 



Then 



-VldUlJ' \yfdWg -VfdUg 



TiiV-^U-hlUV^dU'U-') = TT[2VldUlV-^dUg + Vg^dWgVg^dWg]. 
First, notice that 



Thus 
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Then, this part of the metric is diagonal and contributes to the determinant 
with the term 



detA = 25(5-i)/2 TT ^^29(9-i'/2fT i 
In the same way we get 



ViVi -^-^11? 
l<i<j<g ■' i=l « 



B ■= Tr[2y2rff7ty-2rf[7^] =2 ^ "^dU 



Vi 

l<i<j<9 



Again, this is diagonal and it contributes to the determinant with the term 

detB = 2s(s-i)/2 TT !^^29(9-i)/2 rr — TT 4 

Vi ViVi vf 

l<i<j<g l<i<j<g ■> l<i<j<g * 

^ 2ff(ff-l)/2 ]^ ^ ^ V^^""'^^ = 2^ -Q „2i-2-2s^ 
z— 1 i—1 i—1 

The term 

gives the contribution 



and by taking into account the factor k/2 we finally have 



G=(-j detAdetBdetC= (-j 2^'(^'-i)TT^ 



2i-4-2g 



Comparing with Proposition [T] gives 
therefore one finally gets 



K „ 3-1 

- = 2"~. 
2 
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□ 

By using lemma SI we are then able to prove the following proposition 



Proposition 7. Let A be the T-Lg Laplacian operator 

1 



A := ^di^/\G\G"dj, 



th 



en 



(2.19) A£;ga(r, s) = 2f+Ts(g - 5)-E<,,i(r, s). 



Proof. In Iwasawa coordinates a/G = 11^=1 ^ ^- With the help of lemma HI 
by direct computation in Iwasawa coordinates one finds 

^ / det(3(T)) V A . , 



.det(5(T)22) 

then, by Fg-invariance of the Laplacian operator one also has 

^ ( det(S(7(r))) V ^ , ^ det(5(7(r))) V ^ o ,o 

^Uet(^J(7W)22)j ='""^^-^Hdet(^.(7(r))22)j ' ^^^^^2^'^)' 



eq. (Pl^ then follows. 



□ 
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